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We study slowly-rotating neutron stars in ghost-free massive bigravity. This theory modifies
General Relativity by introducing a second, auxiliary but dynamical tensor field that couples to
matter through the physical metric tensor through non-linear interactions. We expand the field
equations to linear order in slow rotation and numerically construct solutions in the interior and
exterior of the star with a set of realistic equations of state. We calculate the physical mass function
with respect to observer radius and find that, unlike in General Relativity, this function does not
remain constant outside the star; rather, it asymptotes to a constant a distance away from the
surface, whose magnitude is controlled by the ratio of gravitational constants. The Vainshtein-like
radius at which the physical and auxiliary mass functions asymptote to a constant is controlled by the
graviton mass scaling parameter, and outside this radius, bigravity modifications are suppressed. We
also calculate the frame-dragging metric function and find that bigravity modifications are typically
small in the entire range of coupling parameters explored. We finally calculate both the mass-radius
and the moment of inertia-mass relations for a wide range of coupling parameters and find that
both the graviton mass scaling parameter and the ratio of the gravitational constants introduce
large modifications to both. These results could be used to place future constraints on bigravity
with electromagnetic and gravitational-wave observations of isolated and binary neutron stars.
I. INTRODUCTION
In recent years, the exploration of the accelerated ex-
pansion of the universe has led to a renewed interest in
modified gravity theories with a massive graviton. It was
previously thought that any theory with a massive gravi-
ton would introduce an unphysical ghost-like scalar prop-
agating mode, until it was shown in 2009 [1, 2] that the
ghost mode could be removed with a properly generalized
action. In the resulting theory (dRGT or massive grav-
ity), a second metric, taken to be flat and non-dynamical,
was introduced in order to generate the non-trivial higher
order terms in the action that were required to remove
the ghost mode. In 2011, it was shown [3] that the dRGT
theory could be generalized by removing the requirement
that the auxiliary metric be non-dynamical. The result-
ing theory, aptly named massive bigravity or bimetric
gravity [4], is one in which there are two metrics, a phys-
ical one that couples to matter and an auxiliary but dy-
namical one that couples directly to the metric.
Most of the work thus far has been focused on cosmol-
ogy in massive gravity and massive bigravity. Shortly
after this renewed interest it was found [5] that there are
no spatially flat or closed Friedman-Lemaˆıtre-Robertson-
Walker (FLRW) solutions in massive gravity due to a
modified Hamiltonian constraint. Although there are
cosmological solutions that can explain the present and
past observations of the evolution of the universe, many
of these solutions suffer from a fine-tuning problem, and
many of these exact solutions have been found to be
unstable. There have been multiple avenues to address
these issues, one of which was to add additional degrees
of freedom to the theory by allowing the auxiliary metric
in massive gravity to become dynamical, which promoted
the initial interest in bimetric gravity. Adding dynamics
to the auxiliary metric places it on equal footing with the
primary metric and the gravitational force in each met-
ric is mediated by its own graviton, one being massless
and one being massive. It was subsequently shown that
massive bigravity does admit spatially open, closed, and
flat cosmological solutions [6], although cosmology in this
theory is still very much an ongoing area of research.
The existence and stability of black holes in mas-
sive bigravity is also an active area of research. The
first spherically-symmetric, vacuum solutions in ghost-
free massive bigravity emerged in 2011 [7] and 2012 [8].
These solutions were organized into two classes: bidi-
agonal (both metrics are diagonal) and non-bidiagonal
(the physical metric is diagonal while the auxiliary one is
not) [7]. For the bidiagonal class, perturbative solutions
around a Minkowski background were found in [8], as
well as full non-linear solutions in [9] shortly after. The
simplest case of bidiagonal vacuum solutions where both
metrics are Schwarzschild-like is linearly unstable [10].
For the non-bidiagonal class, solutions have been found
analytically [7] and they have been shown to be sta-
ble [11]. The first study of axially-symmetric vacuum
solutions showed the existence of rotating black holes [12]
and asymptotically de-Sitter rotating black holes [13].
The simplest case of the former, where both metrics are
Kerr-like, is linearly unstable [14].
The first treatment of non-rotating, spherically sym-
metric stars in massive bigravity was completed assuming
a uniform density distribution in 2012 [8] and 2015 [15].
These solutions successfully demonstrated the Vainshtein
mechanism to recover GR [8], which was then used
to place constraints on the ratio of gravitational con-
stants and the Compton wavelength of the graviton [15].
Shortly after, non-rotating, spherically symmetric stars
with matter satisfying a polytropic equation of state were
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FIG. 1. [Color Online]. The mass-radius relation (left) and the moment of inertia-mass relation (right) using three realistic
equations of state with varying m and all other coupling parameters fixed. The mass of the star M is obtained from the mass
function of the physical metric evaluated at the stellar surface defined by radius R. The dimensionless moment of inertia is
defined via I¯ = I/M3, where I ≡ | ~J |/Ω, with ~J the spin angular momentum and Ω the angular frequency of rotation. The
shaded regions represent variability of the relations with the coupling parameter m from m ∈ [0, 3.0× 10−7cm−1], while keeping
all others fixed to c3 = 0.48, c4 = 1.71, and η = π/4, with the solid black lines representing the GR limit, and the different
colors representing different equations of state. Observe that the relations smoothly approach the GR relation in the m → 0
limit. Observe also that as the mass of the star increases, the GR modification in the moment of inertia decreases, because the
interior matter content of the star increasingly dominates the interaction with the auxiliary metric.
found [16], and were organized into two main classes de-
termined by a critical compactness. Above this critical
compactness no regular solutions were found, which leads
to a maximum neutron star mass that is much smaller
than that in GR. Given that more massive neutron stars
have already been observed [17, 18], this class of solutions
is observationally ruled out. Below this critical compact-
ness, the Vainshtein mechanism is able to successfully
recover GR, avoiding this strict mass limit. In this pa-
per, we extend these analyses in two main ways: (i) we
consider “realistic” nuclear equations of state, and (ii) we
extend the analysis to slowly-rotating neutron stars.
We begin with the Hassan-Rosen action in massive bi-
gravity [3], which depends on two metrics: a “physical”
g-metric that couples directly to the matter sector and an
auxiliary, dynamical f-metric that couples directly only to
the g-metric. The gravitational action is then simply two
copies of the Einstein-Hilbert action (one for each met-
ric), plus a set of metric interaction terms that couple
the two metrics together. The couplings between metrics
and between the g-metric and matter is controlled by var-
ious coupling parameters, of which only m, c3, c4, and η
will be relevant here. The parameter η characterizes the
relative strength of the gravitational constants (G and
G), which multiply the Einstein-Hilbert terms, and it is
bounded by η ∈ [0, pi2 ]. The parameter m quantifies the
overall strength of all metric interaction terms in the ac-
tion, and it is closely related to the mass of the graviton
in the theory. The parameters c3 and c4 quantify the
relative strength of the high-order interaction terms in
the action, and are scaled to be of order unity. Section II
provides a more detailed summary of the theory.
We here study slowly-rotating neutron stars in isola-
tion, and thus, we can simplify the field equations signif-
icantly. First, we require the physical and auxiliary met-
rics to be both stationary and axisymmetric with asymp-
totically flat boundary conditions at spatial infinity. Sec-
ond, we model the matter stress-energy tensor as a per-
fect fluid with a barotropic equation of state, obtained
numerically from nuclear physics calculations; in partic-
ular, we consider the Akmal-Pandharipande-Ravenhall
(APR) [19], Lattimer-Swesty (LS220) [20], and Shen et
al. [21] equations of state. Third, we solve the field equa-
tions in an expansion about small rotation, assuming that
the product of the angular velocity and the radius of the
star is much smaller than unity. Finally, we simplify
the field equations using a tetrad basis decomposition [8]
that allows us to obtain modified Tolman-Oppenheimer-
Volkoff (TOV) equations at zeroth-order in rotation, and
a set of field equations at first-order in rotation.
The numerical evolution of these equations requires
that we choose boundary conditions carefully. We carry
out a local analysis of the field equations at the stellar
core and at spatial infinity, which allows us to find power-
series solutions in these two regimes. We then use these
power-series expressions as boundary conditions for the
numerical evolution of the field equations order by order
in a slow-rotation expansion. We use a shooting method
to match all metric functions and their first derivatives
at the surface of the star, defined as the radius where the
pressure vanishes, thus ensuring continuity and differen-
tiability at the surface.
From the zeroth-order modified TOV equations, we
numerically generate spherically-symmetric stellar solu-
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FIG. 2. [Color Online]. Mass-radius (left) and moment of inertia-mass (right) relations for the APR equation of state for a
set of fixed m and varying η ∈ (0, π/2). The lower bound on each region corresponds to the GR limit with η = π/2, while the
upper bound corresponds to the η = 0 case and it is determined by the value of m. Observe that the fixed value of m controls
the maximum range of variability of these relations.
tions with which we can calculate observables, such as the
mass-radius relations shown in the left panel of Fig. 1. As
expected, the modified mass-radius relation in bigravity
is highly degenerate with the equation of state, and it
has a smooth transition to GR in both the m → 0 and
η → π/2 limit. From the first-order field equations, we
numerically generate the linear-in-spin corrections to the
metric with which we can calculate other observables,
such as the moment-of-inertia-mass curve shown in the
right panel of Fig. 1. As expected, the modified moment
of inertia also has a smooth limit to GR, but in this case
notice that as the moment of inertia increases, all curves
tend to the GR limit. This is because as the central den-
sity increases, the mass increases and the matter inter-
actions dominate over interactions between the auxiliary
and physical metrics.
The relations discussed above do not display a very in-
teresting result in massive bigravity for neutron stars: the
physical mass function outside the star does not remain
constant as expected in GR, but rather it decreases due
to interactions with the auxiliary metric (a type of Vain-
shtein screening). Inside the star, the physical mass mg
increases much more rapidly than the auxiliary mass mf
due to the explicit matter coupling to the physical metric.
Outside the star, although the energy-density vanishes,
the interaction between the physical and the auxiliary
metrics causes the physical mass to decrease and asymp-
tote to a constant that depends on the coupling parame-
ter η. When η = π/4, both gravitational constants have
equal strength and the asymptotic physical mass is ex-
actly half of the Arnowit-Deser-Misner (ADM) mass in
GR. As η → π/2, the asymptotic physical mass becomes
constant in the exterior spacetime, while as η → 0, the
asymptotic physical mass decreases until the neutron star
mass is entirely screened by the auxiliary metric.
This behavior of the physical mass with η means there
are now two distinct limits to GR in this theory, when
m → 0 with η fixed and when η → π/2 with m fixed,
as shown in Fig. 2. The left panel of this figure presents
the mass-radius relation, while the right panel shows the
moment of inertia-mass relation, for a single equation of
state but varying both m and η. In the η → 0 case, the
neutron star mass is entirely screened by the auxiliary
metric, and as m increases, the η → 0 curve deviates
more and more from GR. On the other hand, even for
large values of m, when η ∼ π/2, one still recovers GR.
We also explore the effects of the two remaining cou-
pling parameters, c3 and c4 on the moment of inertia.
We find that the moment of inertia is not substantially
affected by these parameters within the range of values
we considered, which are restricted by analytical consid-
erations of scattering amplitudes in massive gravity [22].
Unlike m and η, the primary effect of both c3 and c4 ap-
pears to be to broaden the I-M curve at each m and η
value. As the mass scaling parameter m increases, this
broadening effect also increases. The weaker influence of
c3 and c4 is due to the manner in which these parameters
appear in the action. Since they couple to the third and
fourth order terms of the action respectively, their effect
is inherently going to be subdominant to the leading sec-
ond order term scaled by m and η, unless all interaction
terms are non-linearly relevant.
The remainder of this paper presents the details of the
calculations and results presented above and it is orga-
nized as follows. In Sec. II, we outline the basics of mas-
sive bigravity and introduce the notation we use through-
out the paper. In Sec. III, we present the metric ansatz
and the stress-energy tensor we employ, as well as the
method to determine the interaction tensor in order to
derive the modified TOV equations in massive bigrav-
ity. In Sec. IV, we outline the asymptotic expansions
used to obtain the boundary conditions for the numeri-
4cal integrations, and describe the numerical algorithm we
used to solve the modified field equations at both zeroth-
order and first-order in spin. In Sec. V, we describe
why the results obtained here are important and how
one could use them to compare against observations of
isolated and double binary pulsar systems. Throughout
this paper, we will use the following conventions: Greek
letters denote spacetime indices; capitalized Latin letters
denote tetrad indices; both metrics have the spacetime
signature (−,+,+,+); unless otherwise stated, geomet-
ric units where G = c = 1.
II. MASSIVE BIGRAVITY
The ghost-free action of massive bigravity given by
Hassan and Rosen [23] in natural units (c = ~ = 1) is
S = M2g
∫
R
√−g d4x+M2f
∫
R
√
−f d4x
+ 2m2M2eff
∫
Lint
√−g d4x+ Smat[gµν ], (1)
where R and R are the Ricci scalars associated with the
physical metric gµν and the auxiliary metric fµν respec-
tively, with reduced Planck masses M2g = (8πG)
−1
and
M2f = (8πG)−1, and gravitational couplings G and G. All
matter degrees of freedom are encoded in Smat, which
couples directly only to the physical metric.
The physical and auxiliary metrics communicate with
each other through the interaction term Lint, which can
be written as
Lint =
4∑
n=0
βnen(γ), (2)
where βn are dimensionless coupling parameters and
en(γ) are the elementary symmetric polynomials of the
trace of the so-called “square-root matrix,” defined by
γµαγ
α
ν = g
µαfαν . (3)
The coupling strength of the interaction term is con-
trolled by the product of an ”effective” Planck mass
M2eff =
(
1
M2g
+
1
M2f
)−1
. (4)
and a continuous scaling parameterm that is related (but
not equal) to the mass of the graviton. The latter could
be absorbed into the βn parameters, but we will not do
so here so that the βn parameters are of order unity
1.
1 If one wished to consider a βn that is larger than order unity,
then one could simply increase the scaling parameter m.
Without any loss of generality, the interaction term
can be rewritten as
Lint =
4∑
n=0
cnen(K), (5)
where Kµν = δ
µ
ν − γµν . This form of the interaction
term allows us to easily enforce asymptotic flatness by
requiring c0 = c1 = 0, and to reduce the theory to that
of Pauli and Fierz [24] in the linearized limit of a massive
spin 2 field by requiring c2 = 1. The mapping from the
remaining cn to βn is then
βn = (−1)n+1
[
1
2
(3− n) (4− n)− (4− n) c3 − c4
]
.
(6)
With this at hand, the interaction term becomes simply
Lint = 1
2
(
Kµµ
)2 − 1
2
KνµK
µ
ν
+
c3
3!
ǫµνρσǫ
αβγσKµαK
ν
βK
ρ
γ
+
c4
4!
ǫµνρσǫ
αβγδKµαK
ν
βK
ρ
γK
σ
δ , (7)
where ǫαβγδ is the Levi-Civita tensor.
One can now obtain the field equations by varying the
action with respect to both metrics. Doing so directly,
however, is somewhat cumbersome due to the depen-
dence of the interaction term on the square-root metric.
Following [8], one can instead introduce two tetrad fields,
eµA and ω
B
ν , defined via
gµν = ηABeµAe
ν
B and fµν = ηABω
A
µω
B
ν . (8)
By imposing the symmetry condition
eµAωBµ = e
µ
BωAµ, (9)
the square-root matrix can then be rewritten as
γµν = e
µ
Aω
A
ν . (10)
With this at hand, one can then vary the action with
respect to these tetrad fields to obtain the field equations
Gµν = 8πT
µ
ν +m
2 cos2 η V µν , (11)
Gµν = m2 sin2 η Vµν . (12)
where we have introduced the new coupling constant
η ∈ [0, pi2 ] via [8]
tan2 η =
G
G
. (13)
The auxiliary reduced Planck mass is then simply M2f =
M2g cot
2 η, while the reduced effective Planck mass is
M2eff = M
2
g cos
2 η. The Einstein tensors Gµν and Gµν
are those associated with the physical and auxiliary met-
rics respectively, while T µν is the matter stress-energy
5tensor, which again couples only to the physical metric.
The interaction tensors, V µν and Vµν , are defined by
V µν = τ
µ
ν − δµνLint, (14)
Vµν = −
√−g√−f τ
µ
ν , (15)
with
τµν = −3 γµν + γµµγνν − γµαγαν
− c3
2
ǫνρλσǫ
αβδσγµαK
ρ
βK
λ
δ
− c4
6
ǫνρλσǫ
αβχδγµαK
ρ
βK
λ
χK
σ
δ . (16)
The effective mass of the graviton µ is determined from
a linear analysis of the field equations about flat space-
time [25]
µ = m
[(
1 + cot2 η ξ2c
)1/2
Γ
1/2
c
cot η ξc
]
, (17)
where Γc ≡ β1ξc + 4β2ξ2c + 6β3ξ3c and ξc is the critical
value of the ratio of the cosmological scale factor asso-
ciated with the auxiliary metric to that associated with
the physical metric when the cosmological matter energy
density asymptotes to zero. One can show that ξc is a
solution to the polynomial equation [25]
0 =
β1
cot2 η ξc
+
(
6β2
cot2 η
− β0
)
+
(
18β3
cot2 η
− 3β1
)
ξc
+
(
24β4
cot2 η
− 6β2
)
ξ2c − 6β3ξ3c ,
(18)
Thus, the effective graviton mass is a function of all 4
coupling parameters. We see that η does not completely
control the mass of the graviton, but rather this is really
determined by all coupling parameters, and in particular
the scaling mass m.
The field equations also lead to certain conservation re-
lations. Taking the g- and f-metric covariant divergences
of Eqs. (11) and (12), we find
8π (g)∇νT µν = −m2 cos2 η (g)∇νV µν , (19)
(f)∇νVµν = 0 , (20)
where the Bianchi identities require that (g)∇νGµν = 0 =
(f)∇νGµν . The diffeomorphism invariance of the action,
however, guarantees that the matter stress-energy tensor
is independently conserved [6]
(g)∇νT µν = 0 , (21)
which then implies that
(g)∇νV µν = 0 . (22)
III. SLOWLY-ROTATING NEUTRON STARS IN
MASSIVE BIGRAVITY WITHIN THE
HARTLE-THORNE APPROXIMATION
In this section, we first introduce our choice of metric
ansatzes, following the Hartle and Thorne approxima-
tion [26, 27], and then we describe our choice of stress-
energy tensors to model neutron stars. We conclude this
section with a derivation of the field equations in a slow-
rotation expansion and a recasting of them into a form
amenable to numerical integration.
A. Metric Tensors for Slowly-Rotating Spacetimes
Following the approach of Hartle and Thorne [26, 27],
we begin with the following metric ansatzes
ds2g = −e2νdt2 + e2λdr2 + r2
[
dθ2 + sin2 θ (dφ− ωdt)2
]
,
(23)
ds2f = −e2αdt2 + e2βdr2 + U2
[
dθ2 + sin2 θ (dφ− wdt)2
]
,
(24)
where each metric function ν, λ, α, β, U , ω, and w are
functions of r and θ only. The above metric ansatzes
are the result of an expansion in slow rotation to second
order of the most general, stationary and axisymmetric
metric. We make here a symmetric choice of ansatzes:
we choose the same functional form for the g- and the f-
metrics. This is a choice because, although the g-metric
must take the form above when imposing stationarity
and axisymmetry, the f-metric could in principle take a
different form. We will see below that this symmetric
choice is sufficient to find consistent solutions.
B. Neutron Star Stress-Energy Tensor
We model the matter field as a perfect fluid that is
uniformly rotating with angular velocity Ω. The matter
stress-energy tensor for such a fluid is
T (m)µν = (p+ ρ)u
µuν + p g
µ
ν , (25)
with density ρ, pressure p and four-velocity
uµ =
[
ut, 0, 0,Ωut
]
. (26)
The component ut is obtained from the normalization
condition uµuµ = −1,
ut =
1
eν
+
1
2
r2 sin2 θ
e3ν
(
ω2 − 2ωΩ+ Ω2)+O (Ω4) . (27)
6Ignoring terms of O (Ω2), the stress-energy tensor in ma-
trix form is then
T (m)µν =


−ρ 0 0 r2 sin2 θe2ν (Ω− ω) (p+ ρ)
0 p 0 0
0 0 p 0
−Ω (p+ ρ) 0 0 p

 .
(28)
In order to close our system of equations we require a
relationship between the pressure and the density. We
here only consider barotropic equations of state, namely
p = p(ρ), that are obtained numerically by solving cer-
tain systems of equations in nuclear physics. In partic-
ular, we focus on the Akmal-Pandharipande-Ravenhall
(APR) [19], Lattimer-Swesty (LS220) [20], and Shen et
al. [21] equations of state. APR uses a variational chain
summation method combined with a leading-order rela-
tivistic correction and three-nucleon interactions. LS220
uses a compressible liquid-drop model for nuclei and in-
cludes multiple additional nuclear interactions. Shen is
constructed from relativistic mean field theory over a
wide range of baryon mass densities, temperatures, and
proton fractions. These equations of state allow for neu-
tron stars with masses above the PSR J1614-2230 limit
(above 1.97M⊙ [18]) in GR.
C. Interaction Tensor
Before we can find the modified field equations, we
must first evaluate the interaction tensors, which in turn
require the calculation of the square-root matrix. Let us
then begin with the latter, using Eq. (3) and an axisym-
metric choice for the tetrad fields eµA and ω
A
µ :
eµt = [M, 0, 0,K] ,
eµr = [0, B, 0, 0] ,
eµθ = [0, 0, C, 0] ,
eµφ = [X, 0, 0, Y ] ,
ωtµ = [m, 0, 0, k] ,
ωrµ = [0, b, 0, 0] ,
ωθµ = [0, 0, c, 0] ,
ωφµ = [x, 0, 0, y] .
(29)
where (M,K,B,C,X, Y,m, k, b, c, x, y) are arbitrary
functions of (r, θ). Using Eqs. (8) and (10), we then find
gµν =


−M2 + Y 2 0 0 −MK +X Y
0 B2 0 0
0 0 C2 0
−MK +X Y 0 0 −K2 +X2

 , (30)
fµν =


−m2 + y2 0 0 −mk + x y
0 b2 0 0
0 0 c2 0
−mk + x y 0 0 −k2 + x2

 , (31)
γµν =


Mm+ Y y 0 0 Mk + Y x
0 Bb 0 0
0 0 Cc 0
Km+Xy 0 0 Kk +Xx

 . (32)
Comparing the above metric tensors to the metric
ansatzes in Eqs. (23) and (24), and comparing the square-
root matrix above to that obtained from Eq. (3) com-
puted with the metric ansatzes of Eqs. (23) and (24), the
only solution that is spherically symmetric in the non-
rotating limit [8] is
M = e−ν ,
X = (r sin θ)
−1
,
m = a,
x = U sin θ,
K = ω e−ν ,
Y = 0,
k = 0,
y = −wU sin θ.
(33)
With this solution, we can use the tetrad symmetry con-
dition in Eq. (9) to show that ω = w, i.e. frame dragging
is identical in both spacetimes. With the basis solution
found above, the square-root matrix is
γµν =


eα−ν 0 0 0
0 eβ−λ 0 0
0 0 U/r 0
ω (eα−ν − U/r) 0 0 U/r

 . (34)
With the square-root matrix in hand, we can now cal-
culate the full interaction tensors, V µν and Vµν , from
Eqs. (14) and (15):
V tt = κ1
eβ
eλ
+ κ2,
V rr = κ1
eα
eν
+ κ2,
V θθ = V
φ
φ =
eα
eν
(
κ3
eβ
eλ
− κ4
)
− κ4 e
β
eλ
+ κ5,
V φt = ω
(
U
r
− e
α
eν
)(
κ3
eβ
eλ
− κ4
)
,
Vtt = κ6
eλ
eβ
+ κ7,
Vrr = κ6
eν
eα
+ κ7,
Vθθ = Vφφ =
eν
eα
(
κ8
eλ
eβ
+ κ9
)
+ κ9
eλ
eβ
+ κ10,
Vφt = ω
[
− e
ν
eα
(
κ8
eλ
eβ
+ κ9
)
+ κ8
eλ
eβ
+ κ9
r
U
]
,
(35)
7where
κ1 = −3 + 3c3 + c4 − (4c3 + 2c4 − 2)U
r
+ (c3 + c4)
U2
r2
,
κ2 = 6− 4c3 − c4 + (6c3 + 2c4 − 6)U
r
− (2c3 + c4 − 1)U
2
r2
,
κ3 = −(2c3 + c4 + 1) + (c3 + c4)U
r
,
κ4 = −(3c3 + c4 + 3) + (2c3 + c4 + 1)U
r
,
κ5 = −(4c3 + c4 + 6) + (3c3 + c4 + 3)U
r
,
κ6 = c3 + c4 − (4c3 + 2c4 − 2) r
U
+ (3c3 + c4 − 3) r
2
U2
,
κ7 = −c4 + (2c3 + 2c4) r
U
− (2c3 + c4 − 1) r
2
U2
,
κ8 = −(2c3 + c4 + 1) + (3c3 + c4 + 3) r
U
,
κ9 = c3 + c4 − (2c3 + c4 + 1) r
U
,
κ10 = −c4 + (c3 + c4) r
U
.
(36)
D. Modified Field Equations
Combining the above results we can write the equa-
tions of stellar structure for a neutron star in massive
bigravity. The approach is similar to that in GR, so let
us begin by deriving the field equations to zeroth-order
in slow-rotation. Making the familiar GR substitution
e2λ =
(
1− 2mg
r
)−1
, (37)
where mg is a new function of r only, the (t, t) and (r, r)
component of the g-metric field equations become
dmg
dr
= 4πr2ρ− 1
2
m2 cos2 η r2V tt , (38)
dν
dr
=
4πr3p+mg
r (r − 2mg) +
1
2
m2 cos2 η r2V rr
r − 2mg . (39)
Notice that as m → 0 or η → η/2, mg(r) becomes the
GR total enclosed mass of the neutron star inside radius
r.
We can express the f-metric equations in a similar man-
ner. Using the substitution
e2β = U ′
2
(
1− 2mf
U
)−1
, (40)
wheremf is a new function of r only and U
′ = dU/dr, the
(t, t) and (r, r) components of the f-metric field equations
become
dmf
dr
= −1
2
m2 sin2 η U2 U ′ Vtt , (41)
dα
dr
= U ′
[
mf
U (U − 2mf ) +
1
2
m2 sin2 ηU2Vrr
U − 2mf
]
. (42)
We have so far obtained four equations for the four
metric function unknowns (ν,mg, α,mf ), but we still
need equations for (p, ρ, U). The equation of state pro-
vides a relation between p and ρ. Conservation of the
matter stress-energy tensor, Eq. (21), leads to the equa-
tion
dp
dr
= − (p+ ρ) dν
dr
. (43)
Conservation of the V µν tensor, Eq. (22), leads to the
equation
κ1
eα
eν
dα
dr
=
r
2
(
κ3
eα
eν
− κ4
)
U ′
+
[
κ1
dν
dr
− 2
r
(
κ3
eα
eν
− κ4
)]√
U (r − 2mg)
r (U − 2mf )U
′ , (44)
which then closes our system of ordinary differential
equations at zeroth-order in spin.
Let us now consider the modified field equations to
first-order in slow-rotation. To this order, ω is the only
free metric function, and thus, we only need a single dif-
ferential equation. Investigating the (t, φ) component of
the g-metric field equation, we find
∂2ω
∂r2
+
4
r
[
1− πr
3 (p+ ρ)
r − 2mg −
m2 cos2 η r3
8 (r − 2mg)
(
V rr − V tt
)] ∂ω
∂r
+
16πr (p+ ρ)
r − 2mg (Ω− ω) +
1
r (r − 2mg)
(
∂2ω
∂θ2
+ 3
cos θ
sin θ
∂ω
∂r
)
+
1
2
m4 cos4 η r4V rr (V
t
t − V rr )
(r − 2mg)2
ω −m2 cos2 η
×
[
r (V rr − V tt )
(r − 2mg)2
(
4πr3p+mg
)
+
r2
r − 2mg
dV rr
dr
+
2r
r − 2mg
(
V rr + V
φ
φ
)]
ω = 0. (45)
8Following [26], we use a vector spherical harmonic de-
composition
ω(r, θ) =
∞∑
l=1
ωl(r)
(
− 1
sin θ
dPl(cos θ)
dθ
)
, (46)
where Pl(cos θ) are Legendre polynomials, to decouple
this equation. The polar term becomes
∂2ω
∂θ2
+ 3
cos θ
sin θ
∂ω
∂θ
= − (l+ 2) (l − 1)ω. (47)
By imposing regularity at the neutron star core and
asymptotic flatness, all ωl must vanish except for the
l = 1 term, as expected. Equation (45) then becomes
∂2ω
∂r2
+
4
r
[
1− πr
3 (p+ ρ)
r − 2mg −
m2 cos2 η r3
8 (r − 2mg)
(
V rr − V tt
)] ∂ω
∂r
+
16πr (p+ ρ)
r − 2mg (Ω− ω) +
1
2
m4 cos2 η r4V rr (V
t
t − V rr )
(r − 2mg)2
ω
−m2 cos2 η
[
r (V rr − V tt )
(r − 2mg)2
(
4πr3p+mg
)
+
r2
r − 2mg
dV rr
dr
+
2r
r − 2mg
(
V rr + V
φ
φ
)]
ω = 0. (48)
E. Recasting of Modified Field Equations
The equations of stellar structure presented thus far
are not ideal for numerical integration in their present
form. We here follow the approach of [8] to recast the
differential equations into a simpler form. First, we sub-
stitute Eq. (42) into (44), causing each U ′ to cancel ex-
actly from the latter. We then use Eq. (39) to solve
for the quantity e(α−ν) in the resulting expression. The
right-hand side of this expression is lengthy and will be
denoted as the function F that depends on the metric
functions mg, mf , r, and U and the coupling parameters
m, c3, c4, and η:
eα
eν
= F [r,mg,mf , U,m, c3, c4, η] (49)
This expression allows us to simplify our differential sys-
tem because α and ν only appear in this particular com-
bination. Thus, we insert Eq. (49) into Eq. (39) and (42),
to eliminate ν and α from our differential system.
To further simplify the equations, we insert Eqs. (37)
and (40) into the V tt term of Eq. (38) (and similarly
in the Vtt term of Eq. (41)). This separates the equa-
tions into two terms: one that is proportional to U ′
and one that is independent of U ′. Each of these terms
are lengthy and will be denoted as separate functions
Fk = Fk [r,mg,mf , U,m, c3, c4, η] with k ∈ (1, 6); such
that our simplified differential system is
dmg
dr
= F1
dU
dr
+ F2 (50)
dmf
dr
= F3
dU
dr
+ F4 (51)
dν
dr
= F5 (52)
dα
dr
= F6
dU
dr
. (53)
A few of the Fk functions are given explicitly in Ap-
pendix A to show an example of their structure.
To close the system, we now need an equation for the
evolution of U . Taking a total derivative of both sides
of Eq. (49) and substituting Eqs. (50) — (53), one can
solve for dU/dr to find
dU
dr
=
∂F
∂r +
∂F
∂mg
F2 +
∂F
∂mf
F4 + F F5
F F6 − ∂F∂U − ∂F∂mgF1 −
∂F
∂mf
F3
, (54)
provided the denominator does not vanish. The nu-
merical problem then reduces to simultaneously solving
Eqs. (50), (51), and (54). Once this is done, one can
insert (mg,mf , U) in the right-hand sides of Eqs. (52)
and (53) to solve for (α, ν). Alternatively, once we have
solved for α (or ν), we can use Eq. (49) to find ν (or α).
IV. NUMERICAL CONSTRUCTION OF
NEUTRON STARS IN MASSIVE BIGRAVITY
In this section, we describe how to numerically evolve
the differential system obtained in the previous section,
beginning with the system at zeroth-order in rotation
and continuing with the first-order in rotation system.
In general, we will use a shooting method to solve the
equations:
(i) choose boundary conditions at a small radius (close
enough to the neutron star core) and at a very large
radius (close enough to spatial infinity),
(ii) numerically integrate from the small radius out to
the surface and from the large radius in to the sur-
face,
(iii) check whether the solutions are continuous and dif-
ferentiable at the surface, and
(iv) if they are, declare this our solution; if they are not,
choose different boundary conditions and repeat.
9This shooting method then requires that we specify
boundary conditions both at the core and at a large ra-
dius, which we do through a local analysis about r = 0
and r = ∞, as we will describe below. The key point of
this method is that the boundary conditions will depend
on integration constants that must be iterated over (or
“shot for”) to ensure continuity and differentiability.
A. Zeroth-Order in Rotation
1. Local analysis at r = 0 and r =∞
At r = 0, we Taylor expand mg, mf , ν, α, p, ρ, and U ,
insert the Taylor expansions into the differential system
of the previous section, and equate coefficients of equal
power in r to find
Ur→0 = ur +O(r3),
mgr→0 =
4
3
πr3ρ0 +
1
3
m2 cos2 η r3 (u− 1)
[
c3u
2 +
(
−7
2
c3 − 3
2
)
u+
5
2
c3 + 3
]
+O(r4),
mfr→0 = −
1
6
m2 sin2 η r3 (u− 1) [c3u2 − 5c3u+ 4c3 + 3]+O(r4),
νr→0 = ν0 +
1
2
r2
(
4πp0 +
4
3
πρ0
)
+
1
2
m2 cos2 η r2
{
1
3
c3u
3 −
(
2c3 +
3
2
)
u+
5
3
c3 + 2 +
[
−c3u2 + (3c3 + 1)u− 2c3 − 3
2
]
eα0
eν0
}
+O(r3),
αr→0 = α0 +
1
6u
m2 sin2 η r2
{
c3u
3 − 3c3u2 + 2c3 + 3
2
− 3u
[
c3u
2 + (−3c3 − 1)u+ 2c3 + 3
2
]
eν0
eα0
}
O(r3),
ρr→0 = ρ0 +O(r2),
pr→0 = p0 +O(r2).
The quantity ρ0 is the central density, i.e. the density
at the neutron star core, and it is a free parameter that
effectively determines the mass of the star. Given ρ0,
the quantity p0 is obtained from the equation of state,
p0 = p[ρ0]. The quantities u and ν0 are constants that
must be shot for in order to guarantee continuity and dif-
ferentiability of the solutions at the stellar surface. Given
all of this, the quantity α0 is obtained from Eq. (49).
At r = ∞, we take a slightly different approach. If
we insisted on a regular Taylor expansion of the metric
functions, we would find that this ansatz does not satisfy
the field equations. Instead, the field equations require
a series expansion with a non-trivial controlling factor.
This can be proved by parameterizing the local behavior
of the metric functions via
Ur→∞ = r + δ U∞,
mgr→∞ = δ mg∞ ,
mfr→∞ = δ mf∞ ,
νr→∞ = δ ν∞,
αr→∞ = δ α∞,
(55)
which ensures asymptotic flatness, where U∞, mg∞ ,
mf∞ , ν∞, and α∞ are functions of r and δ ≪ 1. Plug-
ging the above into the field equations and keeping only
terms of O(δ) gives
d
dr
U∞ =
mg∞ −mf∞
r
+ 2
mg −mf
m2r3
,
d
dr
mg∞ = m
2 cos2 η r U∞ + cos
2 η
mg∞ −mf∞
r
,
d
dr
mf∞ = −m2 sin2 η r U∞ − sin2 η
mg∞ −mf∞
r
,
d
dr
ν∞ =
mg∞
r2
+ cos2 η
mg∞ −mf∞
r2
,
d
dr
α∞ =
2mf∞ −mg∞
r2
+ cos2 η
mg∞ −mf∞
r2
.
(56)
Solving this system of equations gives the asymptotic be-
havior,
Ur→∞ = r +
m2r2 +mr + 1
m2r2
Be−mr,
mgr→∞ = A sin
2 η −B cos2 η (mr + 1) e−mr,
mfr→∞ = A sin
2 η +B sin2 η (mr + 1) e−mr,
νr→∞ = −A sin
2 η
r
+
2B cos2 η
r
e−mr,
αr→∞ = −A sin
2 η
r
− 2B sin
2 η
r
e−mr,
(57)
where A and B are constants that are to be shot for by
requiring continuity and differentiability of the solution
at the stellar surface.
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2. Numerical Solutions
Combining the above results, we can then solve for
non-rotating neutron star solutions. The procedure is as
follows. First, we specify a central density and choose an
initial guess of the 4 matching parameters (u, ν0, A,B).
Second, using the boundary conditions at the neutron
star core, we integrate outwards until the pressure van-
ishes, which denotes the surface of the star. Third, using
the boundary conditions at infinity, we integrate inwards
until the neutron star surface is reached. All integrations
are carried out with an adaptive Runge-Kutta-Fehlberg
algorithm with an error tolerance of 10−4. Finally, we
compare the metric functions at the surface to determine
whether the solutions are continuous and differentiable
also to a tolerance of 10−4. If they are not, we use a
four-dimensional Newton-Raphson method to estimate a
new guess for the 4 matching parameters, until the solu-
tions are continuous and differentiable at the surface to
the tolerance required.
When solving for non-rotating neutron stars numeri-
cally, we must choose the region in coupling parameter
space (m, η, c3, c4) that we wish to explore. The range
of m was chosen to get a clear sense of the effect of bi-
gravity modifications to GR. The range of η chosen is its
entire domain (0, π/2). The range of (c3, c4) explored is
approximately that of [22], which was obtained from an-
alytic considerations of scattering amplitudes in massive
gravity. However, we were unable to numerically produce
stars in this entire (c3, c4) subregion, only finding solu-
tions in the shaded region shown in Fig. 3, which grows
in size slightly for larger values of m. The most common
cause of numerical issues is the denominator of Eq. (54)
becoming very small at a rate faster than the numera-
tor. Whether this is due to a numerical limitation of our
methods or whether it points to a deeper theoretical is-
sue in massive bigravity is currently unclear and requires
further study.
We present the non-rotating solutions for various cou-
plings in Fig. 4. All five metric profilesmg, mf , U , ν, and
α are shown as functions of radius for different coupling
parameters (m, η, c3, c4). The top left panel of Fig. 4
shows both the physical and the auxiliary mass func-
tions versus radius. Observe that both increase mono-
tonically from the core to the surface, with mg increas-
ing much more rapidly than mf due to its direct matter
coupling. Outside the star, the density term in Eq. (38)
vanishes and the physical (auxiliary) mass monotonically
decreases (increases) until it reaches its asymptotic value
mg = A sin
2 η, determined by Eq. (57). Thus, the ob-
servable mass sufficiently far away from the star is de-
termined by the matching parameter A, and the ratio of
gravitational couplings tan2 η = G/G. The parameter η
controls this asymptotic value, while the primary effect
of m is to determine how far from the surface both mass
functions become effectively identical, i.e. it controls the
Vainshtein radius. Both c3 and c4 appear to broaden each
profile rather than influence the asymptotic observable.
-4
-3
-2
-1
0
1
2
0 0.2 0.4 0.6 0.8 1 1.2
c 4
c3
FIG. 3. [Color Online]. Numerical region of the expolored
(c3, c4) space. The figure is bounded by an estimate of the
constrained region determined in [22]. The shaded region
shows the subregion in which we were able to numerically
produce neutron stars solutions, with m = 1.0× 10−7cm−1
and η = π/4.
This panel also shows some interesting limiting behav-
ior of the mass functions as one varies the coupling pa-
rameters. As η → π/2, the g-metric in Eq. (11) decouples
from the auxiliary metric and one recovers the Einstein
field equation in GR. Therefore, in this limit, mg ap-
proaches the ADM mass at spatial infinity, A = MADM.
Moreover, in this limit the auxiliary gravitational con-
stant G → ∞ and the auxiliary Planck mass M2f → 0,
recoveringGR with an arbitrary decoupled auxiliary met-
ric. On the other hand, in the limit as η → 0, the aux-
iliary gravitational constant G → 0 and the Plank mass
M2f →∞. In this limit, the auxiliary metric becomes flat
from Eq. (12) and one recovers dRGT massive gravity.
The top right panel of Fig. 4 shows the auxiliary radial
function, U , normalized to the primary radial function,
r, as a function of radius. In this case, η has a very small
effect, while c3 and c4 have a very large impact inside the
star. The parameterm has a noticeable influence both in-
side and outside the star. Since the interactions with the
auxiliary metric dominate outside the star where matter
vanishes, the parameter m dominates the behavior of U
outside the star.
The bottom left panel of Fig. 4 shows the (t− t) com-
ponent function of the primary metric, ν, as a function
of radius. The bigravity modifications to ν are much less
pronounced than the modifications to the mass mg. This
is because the definition of mg in Eq. (37) introduces a
1/r suppression in the metric function itself (λ in this
case). Were we to compare the original (r − r) metric
function λ (instead of mg) to the (t − t) component ν,
the modification would be similarly less pronounced.
The bottom right panel of Fig. 4 shows the auxiliary
(t− t) component function, α, as a function of radius. In
this case, c3 and c4 have a dramatic effect inside the star
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FIG. 4. [Color Online]. Numerical solutions at zeroth-order in rotation as a function of radius for different choices of coupling
parameters. In each subfigure, the parameter denoted in the caption is varied while all remaining parameters are set to a fixed
value (c3 = 0.48, c4 = 1.71, η = π/4, m = 3.0× 10
−7cm−1 where applicable). In the top two subfigures, we vary m and η
for fixed (c3, c4) through different color lines, while in the bottom subfigure we vary c3 and c4 for fixed (m, η) through red or
blue shaded regions. Top Left: Primary, mg, and auxiliary, mf , metric mass functions versus r. Outside the star, the primary
metric decouples from matter and the mass decreases to some asymptotic value unlike in GR. The parameter η has the largest
effect on this asymptotic value, while m only alters the distance away from the stellar surface where both masses become equal,
in accordance to the Vainshtein radius. Both c3 and c4 only broaden each mass profile curve, and so, they have the smallest
effect on the asymptotic mass and radius observables. Top Right: Ratio of the auxiliary radial function, U , to the primary
radial function, r, versus r. The parameter η has the smallest effect on U overall, while c3 and c4 only affect it inside the star,
but this effect is smaller than matter interactions. Thus, the parameter m has the largest effect on U outside the star. Bottom
Left: The primary (t− t) metric function, ν, versus r. In contrast to the mg and mf metric functions, the deviation of ν from
GR only appears small because of the 1/r suppression of ν and α in Eq. (37). Bottom Right: The auxiliary (t − t) metric
function, α, versus r. Although the variation of α with c3 and c4 inside the star is large, this variation quickly approaches its
asymptotic value at the surface of the star. Thus, the effect of α is subdominant to matter interactions in the region where it
is present and it disappears in the region outside the star where the bimetric interactions dominate.
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FIG. 5. [Color Online]. The first-order in rotation functions for both metrics, ωR (left) and dω/drR2 (right), versus radius.
The format of this figure is identical to that of Fig. 4. All four parameters seem to have a minimal effect on the first-order
metric functions, unlike in the zeroth-order in rotation case. Observe that since ω = w from the symmetry condition in Eq. (9)
this is the first-order solution for both metrics.
but this is almost entirely eliminated beyond the surface.
This magnified effect inside the star is also evidenced by
the sharp jump to its asymptotic value at the surface,
shown in the top two portions of this panel. Once the
stellar surface is reached, α immediately reaches its ex-
pected asymptotic value of 0. This is peculiar because
outside the star, absent of any dominant matter effects,
the evolution of the system is driven by the interactions
with the auxiliary metric. If α does not vary outside the
star, then it cannot strongly influence these interactions.
B. First-Order in Rotation
1. Local Analysis at r = 0 and r =∞
The numerical approach at first-order in spin is iden-
tical to that used at zeroth-order. The metric function
we solve for is the first-order frame-dragging function ω.
After a Taylor expansion of Eq. (48) about r = 0 and
equating coefficients in powers of r, the behavior of ω at
the core of the star is identical to that in GR,
ωr→0 = ω0 − 8π
5
r2 (ρ0 + p0) (Ω− ω0) +O(r3). (58)
Just like ρ0 determines the mass of the star, the constant
Ω determines how fast the star is rotating and must be
specified before integration. The constant ω0 must be
shot for by requiring the solution to be continuous and
differentiable at the stellar surface.
At r = ∞ we again cannot choose a simple Taylor
expansion. Instead, let us propose a solution of the form
ωr→∞ = ωGR + δ ω∞, (59)
where again δ ≪ 1. The resulting equation to O(δ0) is
the same as in GR
d2ωGR
dr2
+
4
r
dωGR
dr
= 0, (60)
whose solution is
ωGR = Ω− 2J
r3
, (61)
after choosing a proper integration constant and enforc-
ing asymptotic flatness, where J is the spin angular mo-
mentum of the rotating star; this must also be shot for by
requiring the solution to be continuous and differentiable
at the stellar surface. The equation at O(δ) is
d2ω∞
dr2
+
4
r
dω∞
dr
+
JB cos2 η
emr
(
−2m
3
r3
+
m2
r4
− 3m
r5
− 3
r6
)
.
(62)
Solving the above equation gives
ω∞ = JB cos
2 η
23m4
12
Ei(mr)
+
JB cos2 η
emr
(
−23m
3
12r
+
23m2
12r2
+
m
6r3
+
3
2r4
)
,
(63)
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where Ei(mr) is the exponential integral function. After
expanding the exponential integral function about r =∞
and combining the result with Eq. (61), the behavior of
ω as r →∞ is
ωr→∞ = Ω− 2J
r3
+
JB cos2 η
emr
[
4m
r3
− 10
r4
+
46
mr5
+O
(
1
r6
)]
.
(64)
2. Numerical Solution
We can now use these boundary conditions on ω to
obtain slowly rotating neutron star solutions. The pro-
cedure is identical to that in the non-rotating case. We
make an initial guess for ω0 and J and integrate from
the core and from spatial infinity to the surface of the
star. Then, we use a two-dimensional Newton-Raphson
method to estimate a new guess for ω0 and J until we
find a solution that is continuous and differentiable at
the surface to the same tolerance as in the zeroth-order
in rotation case. An example is presented in Fig. 5 where
we show the first-order frame dragging function ω and its
derivative. As before, we independently vary m, η, and
c3 and c4 but we find no noticeable trends from each of
these parameters effects.
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FIG. 6. [Color Online]. Moment of inertia-mass relation
with the APR equation of state for various c3 and c4. Each
shaded region represent families of curves for a fixed value
of m and η = π/4. Although the broadening introduced by
these couplings scales with m, they remain sub-dominant to
variation in η.
Once the rotating star is constructed, the moment of
inertia can be obtained from the definition,
I ≡ J
Ω
. (65)
For convenience, we also define the dimensionless mo-
ment of inertia I¯ ≡ I/M3, where M is the mass function
of the g-metric evaluated at the stellar surface. Figure 6
shows this dimensionless moment of inertia as a function
of mass with the APR equation of state for various (c3, c4)
andm values. Observe that the dimensionless moment of
inertia is mostly controlled by m, with (c3, c4) introduc-
ing a broadening in the curve; the larger m, the larger
the broadening effect.
V. CONCLUSIONS AND FUTURE
DIRECTIONS
We have constructed slowly-rotating neutron stars in
massive bigravity with various realistic equations of state
and a range of coupling parameters. From these solu-
tions, we have explored the mass-radius and the moment-
of-inertia-mass relations in some detail. We have found
that the bigravity coupling parameters m and η have
the strongest impact on these relations, with significant
deviations from GR arising when m > 10−7cm−1 and
η < π/2. The results obtained here can thus serve as
the foundations for an experimental study of bigravity in
light of binary pulsar observations and low-mass X-ray
binary observations.
The fitting of a timing model to the observation of a
sequence of radio pulses from binary pulsars allows one
to extract a measure of certain post-Keplerian param-
eters [28], like the rate of change of the orbital period
and the Shapiro time delay parameter. These measure-
ments can then be combined to infer the masses of the
binary stars up to a given observational error. For ex-
ample, for PSR J0737-3039A, fits to the timing model
suggest that the primary pulsar PSR J0737-3039A has
a mass of (1.337 ± 0.0037)M⊙ [29]. In a modified grav-
ity theory, the post-Keplerian parameters are not only
a function of the masses of the binary components, but
also of other parameters in the theory. Thus, the mea-
surement of more than two post-Keplerian parameters
yields a test of GR [30].
In bigravity, we have seen that the mass of an indi-
vidual star is not constant outside its radius. Rather,
the mass function rises inside the star up to the stellar
radius and then it decays in the exterior spacetime un-
til it approaches a certain asymptotic value. This then
means that the gravitational field of a neutron star in
its exterior is not simply given by the typical GR pa-
rameterization with a constant mass. A proper analysis
of binary pulsar data to place constraints on bigravity
would then require that (i) one calculate numerically the
dependence of the post-Keplerian parameters on the bi-
gravity coupling constants, and then that (ii) one find
the set of bigravity parameters and binary masses that
are allowed given the measurements of the post-Keplerian
parameters from the timing model.
Measurements of quiescent low mass X-ray binaries can
also allow one to infer the radius of neutron stars [31].
14
The pure hydrogen environment of the neutron star sur-
face producing thermal emission can be modeled which,
when combined with an inferred mass from the evolution
of the post-Keplerian binary parameters, can be used to
infer the radius of the neutron star. Such a measure-
ment can eliminate degeneracies introduced by our igno-
rance of the equation of state of supranuclear matter in
mass-radius relations. In bigravity, the decay of the mass
function outside the star will introduce a coupling depen-
dence on the thermal emission models when carrying out
the fits to the data.
An extended and precise observation of relativistic bi-
nary pulsars may also allow the extraction of the moment
of inertia of the stars. This comes about because the tim-
ing model is sensitive to the orbital motion of the stars,
and the latter depends on the spin angular momentum
of the binary components due to spin-orbit precession.
Future observations of PSR J0737-3039 may allow for a
measurement of the moment of inertia of the primary
pulsar to 10% [32]. If such a future measurement is pos-
sible, then one could draw an error ellipse in the moment
of inertia-mass plane. In GR, this error ellipse will pro-
vide a measure of the equation of state of the neutron
star. In bigravity, the error ellipse will place a combined
constraint on the equation of state and the coupling pa-
rameters of the modified theory.
In addition to the extensions and applications dis-
cussed above, another possibility is to consider whether
combined gravitational wave and binary pulsar observa-
tions can allow for stronger constraints on bigravity. This
could be achieved by using the approximately universal
relations between the moment of inertia of neutron stars
and their Love number found recently in GR [33–35].
Such tests of bigravity would require the construction of
such universal relations in this modified theory, which
in turn would require the calculation of neutron stars to
second-order in a slow-rotation expansion.
A different avenue to explore is to consider the stability
of the stellar solutions found here. This would require the
study of perturbations of the numerical solution, which
in turn would require the linearization of the modified
field equations about these numerical background and
an eigenmode analysis for the frequencies of the pertur-
bations. Such an analysis is interesting because of the
possibility of super-radiant instabilities in rotating solu-
tions. Indeed, modified theories of gravity with massive
fields tend to introduce a potential barrier to perturba-
tions, which then source a super-radiant instability that
destroys what at first appears as stationary axisymmet-
ric solutions. If this is the case for massive bigravity for
all values of the coupling parameters, then serious doubt
would be cast on the theoretical viability of the theory.
Appendix A
F1 = m
2 cos2 η
[
c3U
2 − (3c3 + 1)U r + 2r2
(
c3 +
3
4
)]
,
x
√
U (r − 2mg)
r (U − 2mf ) ,
F2 = 4r
2πρ− 3
2
m2 cos2 η
[(
5
3
c3 + 2
)
r2 −
(
8
3
c3 + 2
)
U r,
+
(
c3 +
1
3
)
U2
]
,
F3 = −1
2
m2 sin2 η
[
(U − r) (U − 3r) c3 + r2
]
,
F4 =
m2 sin2 η
[
c3U
2 − (3c3 + 1)U r + 2r2
(
c3 +
3
4
)]
√
U(r−2mg)
r(U−2mf )
,
(A1)
The remaining F5, F6, and F are available upon request.
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